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Quantum chaotic interacting N-particle systems are assumed to show fast and irreversible spread-
ing of quantum information on short (Ehrenfest) time scales ∼ logN . Here we show that, near
criticality, certain many-body systems exhibit fast initial scrambling, followed subsequently by os-
cillatory behavior between reentrant localization and delocalization of information in Hilbert space.
We consider both integrable and nonintegrable quantum critical bosonic systems with attractive con-
tact interaction that exhibit locally unstable dynamics in the corresponding many-body phase space
of the large-N limit. Semiclassical quantization of the latter accounts for many-body correlations
in excellent agreement with simulations. Most notably, it predicts an asymptotically constant local
level spacing ~/τ , again given by τ ∼ logN . This unique timescale governs the long-time behavior
of out-of-time-order correlators that feature quasi-periodic recurrences indicating reversibility.
The dynamics of quantum information in complex
many-body (MB) systems presently attracts a lot of at-
tention [1, 2] ranging from atomic and condensed quan-
tum matter to high energy physics. The evolution of an
(excited) quantum MB system towards a state of ther-
mal equilibrium usually goes along with the scrambling of
quantum correlations, encoded in the initial state, across
the system’s many degrees of freedom. Such dynamics re-
quires an improved understanding of MB quantum chaos
and the link with thermalization [3–6] and its suppression
[1, 7, 8].
Echo protocols, measuring how a perturbation affects
successive forward and backward propagations in time,
sensitively probe the stability of complex quantum dy-
namics. Here, out-of-time-order correlators (OTOCs) [9–
11]
C(t) = 〈[Wˆ (t), Vˆ ]†[Wˆ (t), Vˆ ]〉 (1)
play a central role, with first experimental implementa-
tions [12–14], allowing to distinguish various classes of
MB systems by their operator growth. On the one side
there are slow scramblers, such as systems in the MB
localized phase exhibiting logarithmically slow operator
spreading [15–18] or, e.g., Luttinger liquids [19] show-
ing only quadratic increase. On the other side, an ex-
ponentially fast initial growth of OTOCs is commonly
viewed as a quantum signature of MB chaos. Examples
comprise systems with holographic duals to black holes
[10, 20], the SYK-model [11, 21–23], and condensed mat-
ter systems close to a quantum phase transition (QPT)
[24–27] or exhibiting chaos in the classical limit of large
particle number N . In such large-N systems, the expo-
nential growth rate for OTOCs is given by the Lyapunov
exponent of their classical counterpart [10, 27–34] and
prevails up to the Ehrenfest logN time where MB quan-
tum interference sets in [32, 35]. Subsequent OTOC time
evolution towards an ergodic limit is then often governed
by slow classical modes [36].
Here we show that exponentially fast scrambling need
not necessarily lead to quantum information loss: There
exist systems exhibiting initial growth of complexity
without relaxation, i.e., after a quench to an inter-
acting system close to criticality the OTOCs do not
show monotonous saturation; instead the correlations im-
printed initially can be periodically retrieved.
Quantum critical large-N systems are particularly sui-
ted for considering the inter-relation between spreading
of correlations, quantified through OTOCs, and corre-
sponding nonlinear classical mean-field (MF) dynamics.
There, critical phenomena are often viewed as quantum
manifestations of structural changes in classical phase
space, associated with unstable MF motion close to sepa-
ratrices. While corresponding studies [37–43] commonly
invoke a classical MF analysis, we will show that MB
semiclassical quantization beyond MF allows for a precise
characterization of the locally unstable quantum dynam-
ics. In the language of renormalization group analysis we
therefore expect our results to be valid for any dimension
within lower and upper critical dimension as long as a MF
(classical) limit exists [44].
While in generic quantum chaotic systems the Ehren-
fest time ∼ logN is distinctly shorter than the Heisen-
berg time (associated with the inverse mean level spac-
ing) we will show that these two scales indeed coincide for
certain quantum critical systems where an adiabatic sep-
aration allows for an effective 1D description. Quantiza-
tion of their locally hyperbolic MB dynamics implies two
inter-related features: Even though the dynamics may
be separable, OTOCs still grow exponentially with a rate
given by the local MF instability exponent λs up to times
(1/λs) logN . Second, the inverse mean level spacing in
the relevant spectral region also scales as logN . Hence,
the quantum critical dynamics is governed by logN as
the sole time scale.
Remarkably, this level spacing turns out to be asymp-
totically constant, approaching a harmonic oscillator
spectrum, although the underlying hyperbolic dynamics
is unstable and rather corresponds to an inverted oscil-
lator [46]. This equidistant level spacing implies strong,
periodic quantum recurrences on short logN -scales that
2dominate OTOCs and hence reflect unscrambling of in-
formation in quantum critical MB systems. After show-
ing this behavior in a prototypical integrable model we
consider a nonintegrable extension and confirm the ro-
bustness of this feature, indicating that it is not linked to
integrability but is characteristic for QPTs driven dom-
inantly by a single degree of freedom. On the contrary,
in generic chaotic MB systems randomlike evolution is
expected for enormously long (Heisenberg) times beyond
which the spectral discreteness eventually enforces recur-
rences [47].
Quantum critical atomic Bose gas.—As a generic ex-
ample of critical behavior we consider the 1D attractive
Bose gas with periodic boundary conditions (attractive
Lieb-Liniger model) [48–50]. While its Hamiltonian
Hˆ =
∫ 2pi
0
dθ Ψˆ†(θ)(−∂2θ )Ψˆ(θ)−
πα˜
2
[
Ψˆ†(θ)
]2[
Ψˆ(θ)
]2
, (2)
with bosonic field operators Ψˆ and Ψˆ†, describes quasi-
1D ultracold atomic gases with interactions parametrized
by α˜ [51–53], its MF dynamics is governed by the Gross-
Pitaevskii equation. It exhibits a QPT at a critical cou-
pling α˜N = 1 [49, 54, 55] where the homogeneous con-
densate starts forming a bright soliton. Although for
finite N eigenvalues of the quantum integrable Hamilto-
nian (2) can be, in principle, found through Bethe ansatz
[50, 56], this does not allow for systematically treating the
N → ∞ limit, except for special states [57, 58]. Instead
we first truncate [59] Ψˆ(θ) to the lowest three momentum
modes,
Ψˆ(θ) = (aˆ0 + aˆ−1e
−iθ + aˆ1e
iθ)/
√
2π , (3)
as commonly done for exact diagonalization [54, 66, 67]—
a good approximation for α˜N < 1 that also contains all
the physics relevant for understanding the QPT and its
precursors for α˜N ≥ 1 [49, 50, 55, 66]. The generaliza-
tion to the non-integrable 5-mode model will be discussed
later. The model (2,3) near the QPT mimics black holes
as graviton condensates [66–68], can be essentially real-
ized using ultracold spin-1 atoms [69] and has attracted
considerable attention [70–72] for time crystals [73].
Classical MF limit.—Besides the energy also particle
number and total (angular) momentum are conserved:
Nˆ =
∑
k
aˆ†kaˆk , Kˆ =
∑
k
k aˆ†kaˆk . (4)
Hence, the truncation to three modes, in contrast to five
or more modes [74], renders the system integrable in that
its large-N MF limit, formally representing a classical
limit, is integrable. This allows for devising a MB version
of semiclassical torus quantization [75, 76] to analytically
find the spectrum and wave functions being asymptoti-
cally exact for N → ∞. To this end we write the op-
erators in symmetric order and replace aˆk 7→ √nkeiϑk
FIG. 1. Phase space portrait of energy ω(z,ϕ), Eq. (7), of
the classical dynamics for the three-mode model of attractive
bosons in 1D. z denotes the relative occupation of the nonin-
teracting ground state and ϕ the conjugate angle, for different
values of interaction α. For α > 1 a global energy minimum
(cross) and a separatrix (red) connecting two hyperbolic fixed
points (dots at z = 1) appear. Gray lines represent the orbits
(tori) that fulfill the quantization condition (10) for N =20.
Note that the quantized orbits change their character sequen-
tially.
for k = −1, 0, 1, where (nk, ϑk) are continuous classical
conjugate variables. Using
N˜≡ n−1 + n0 + n1 , K ≡ n1 −n−1 (5)
and considering K = 0, the classical energy per particle
is, defining α = α˜N˜ , [60]
E
N˜
= ω(z, ϕ) + α
(
−1
4
+
3
2N˜
− 9
8N˜2
)
− 1
N˜
, (6)
where the classical dynamics is completely determined by
ω(z, ϕ) = (1− z) [1− α [(1− z)/8 + z cos2 ϕ]] (7)
with phase space coordinates
z =
n0
N˜
, ϕ = ϑ0 − 1
2
(ϑ1 + ϑ−1), {z, ϕ} = 1
N˜
. (8)
Note that 1/N˜ only enters as an effective quantum of
action in the Poisson bracket [77].
The Hamiltonian ω(z, ϕ) involves different types of
classical trajectories following lines of constant energy
in phase space with periodicity ϕ 7→ ϕ + π, see Fig. 1.
For α < 1 all trajectories are deformed horizontal lines
(rotations). For α > 1 an island centered around a new
minimum energy fixed point emerges with orbits vibrat-
ing in ϕ, similar as for the pendulum. This goes along
with the formation of a separatrix at E = Esep (ω = 0)
associated with two hyperbolic fixed points at z=1 and
characterized by (in)stability exponents
λ(1,2)s = 2
√
α− 1 ≡ λs . (9)
3FIG. 2. Excitation spectrum Em−E0 for N = 300 and 0 ≤
α ≤ 2 within 3-mode approximation, Eq. (3). Symbols and
lines denote numerical and semiclassical results, respectively.
The gray dotted line indicates inflection points, the finite size
precursor of an excited state QPT, where quantized orbits
cross the separatrix (in Fig. 1). Inset: closeup around α=1.
Semiclassical quantization.—To study genuine quan-
tum effects we go beyond the classical MF picture using
semiclassical torus quantization. While related WKB
approaches, devised for one-dimensional systems, were
successfully used in two-site models [78–80], we adapt a
multi-dimensional generalization. In the MB context it
yields the quantization rules
1
2π
∮
dϕ [1− z(ω, ϕ)] = m+
1
2
N˜
, (10)
m = 0, 1, . . . ⌊N/2⌋, N˜ = N + 3/2, N = 0, 1, . . . .
Equations (10) effectively quantize the phase space areas
bounded by the lines ω = const. (shaded areas in Fig. 1
form = 0), giving rise to energies ωm=Em/N˜ , in perfect
agreement with results from exact diagonalization, see
Fig. 2.
Quantum phase transition.—The QPT for N →∞ is
associated with the ground state corresponding to the
quantized orbit enclosing the phase space area 1/(2N˜)→
0 that is always vibrational for α > 1 if N˜ is large enough.
Its energy scales as ωmin ∼ −(α − 1)2, in contrast to
ωmin = 0 for α < 1 where the quantized orbit approaches
z = 1, leading to the nonanalytic dependence on α of
the MF ground state at α= 1. Precursors of such non-
analyticity for finite N˜ appear for every quantized orbit
changing from rotation to vibration upon tuning α. This
is reflected in the sequence of avoided crossings in Fig. 2
building up an excited state QPT when N˜ →∞ [38, 41].
Remarkably, Eq. (10) even allows us [81] to analytically
obtain the scaling laws [82] governing the approach of
∆αgap ∼ N−2/3 and Egap ∼ N−1/3 (see inset of Fig. 2)
to their MF values, in perfect agreement with numerical
and heuristic observations [49, 54, 67].
Hence, MB semiclassical quantization goes beyond the
FIG. 3. (a) Asymptotic N ≫ 1 density of states ρ¯(α,E),
Eq. (11), showing level bunching (bright straight line) around
the precursor of the excited state QPT at E = Esep in the
supercritical regime α> 1. (b) Slice of ρ¯(α,E) at α=2 com-
pared with numerically calculated inverse level gaps (orange
symbols) exhibiting a characteristic logarithmic divergence.
Bogoliubov picture of [49, 55] where the excitation spec-
trum collapses to zero at the MF critical coupling α=1.
Instead, for finite N˜ we find huge accumulations of levels
around the separatrix. This precursor of an excited state
QPT leads to characteristic features in the spectra and
to the emergence of a local log time scale. An asymptotic
N ≫ 1 analysis [62] of (10) that generally holds close to
a separatrix [61] yields the average density of states
¯̺(E)=
−1
2πλ
log
( |E−Esep|
N˜
)
+O(1) (11)
with a characteristic logarithmic divergence at E = Esep
(see Fig. 3). Here λ = λs/2 =
√
α− 1, Eq. (9), and
the O(1) finite size correction involves a system specific
timescale related to the traversal along the separatrix
[61, 62].
Asymptotically constant level spacing and log time.—
Most notably, evaluating (10) close to Esep one finds [63]
that a set of levels, growing in number logarithmically
with N , becomes asymptotically equidistant with level
spacing ∆E, see Fig. 4. The associated time scale [64]
τ =
2π
∆E
=
1
λ
log N˜ +O(1) (12)
is the Heisenberg time corresponding to the local spec-
tral gap ∆E, but exhibits a striking similarity with the
Ehrenfest time τE=(1/λL) log ~
−1
eff with ~eff= ~ and 1/N˜
in chaotic single-particle [83], respectively, MB systems
[32] with Lyapunov exponent λL. This justifies to relate
(12) to a local Ehrenfest time associated with the dynam-
ical instability characteristic of critical behavior. Due to
the universality of (11) and (12), supported by the classi-
cal renormalization group analysis of [84], this turns out
to be a generic behavior close to hyperbolic fixed points.
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FIG. 4. Asymptotic level spacings E[k] − E[k−1] (symbols)
obtained from (11) [62], where E[k=0] refers to the level clos-
est to the separatrix energy (excited state QPT), approaching
the characteristic constant spacing ∆E, Eq. (12), (dashed) for
α = 2 and N = 106, 109, 1013, 1023, 1042 (the latter with rele-
vance for black hole physics) from top/blue to bottom/yellow
within windows with ∼ logN levels. Energies obtained from
full semiclassical quantization, (10), (solid line) for N = 106
confirm the validity of Eq. (11).
The crossover of the Heisenberg time from usually alge-
braic in N to log time behavior is not shared by generic
chaotic systems.
Out-of-time-order correlator.—We address the drastic
consequences of this transition for the evolution of quan-
tum MB correlations: We quantify the spreading of in-
formation through the OTOC , Eq. (1),
C(t) = −N−4〈ψ|[nˆ0(0), nˆ0(t)]2|ψ〉 (13)
for operators nˆ0(t)/N . In chaotic systems quasi-classical
arguments [9, 10, 28] confirmed by MB semiclassical the-
ory [32] predict a short-time behavior C(t) ∼ ~2e2λLt
passing into a saturation regime at τE . Although the
system (3) is integrable, we can use similar arguments to
predict that in the quantum critical regime the dynam-
ical instability close to the hyperbolic fixed points also
causes such an exponential behavior,
C(t) ∼ (~2eff/N˜2) e2λst, (14)
but with a rate given by the (in)stability exponents λs,
Eq. (9) (see [43] for a related result for chains of large
spins).
Within the present MB model we have numerical
access to huge particle numbers and hence can thor-
oughly check the commonly assumed exponential growth
of OTOCs in the truly semiclassical large-N limit, as well
as associated log-time effects. In Fig. 5 we present nu-
merical results for C(t) computed from (13) after impos-
ing an interaction quench to the non-interacting ground
state |ψ〉 = 1/√N !(aˆ†0)N |0〉. The inset displays the short
time behavior of logC(t) up to the Ehrenfest time scale
FIG. 5. Oscillatory time evolution of the OTOC (13) after a
quench of the noninteracting condensate across the mean-field
critical point, reflecting scrambling and unscrambling (i.e.,
indicating reversibility) close to criticality for various parti-
cle numbers N . (a) C(t) exhibits distinct, approximately τ -
periodic oscillations where τ , Eq. (12), is the local Ehrenfest
time [3-mode model (3) with α = 2]. Inset: Initial growth
of C(t) approaching the exponent 2λst (dashed line) with in-
creasing N , thereby confirming Eq. (14). (b) Tendency to-
wards periodicity (suggested in gray) for the non-integrable
extended 5-mode model (|k| ≤ 2, see [65]) for α = 1.05, with
a period of the form (12) with λ ≈ 0.21, consistently found in
the level spacings and the classical instability. The prefactors
C0 facilitate the comparison.
τE = (1/λs) log N˜ for N = 10
2 to 106, showing conver-
gence to the slope 2λst (dashed line) predicted in (14).
Unscrambling of correlations.—Figure Fig. 5(a) shows
that instead of monotonously approaching a plateau for
t > τE, as in generic chaotic MB systems, C(t) exhibits
distinct oscillations with a period given by the log time τ ,
(12), that includes finite-size corrections [64] and hence
slightly differs from τE . Since C(t) is a measure of infor-
mation spreading, these oscillations reflect reversibility
of quantum information flux in Hilbert space as a result
of genuine MB interference. This is supplemented by cor-
responding oscillations in the evolution of entanglement
encoded in the one-body entropy [64]. Close to criti-
cality, C(t) is dominated by an increasing (with logN)
5number of states close to Esep [64] where the spectrum
gets asymptotically equidistant (Fig. 4). This induces re-
vivals (getting more and more pronounced with increas-
ing N) associated with a unique time scale, the log time
τ , (12), taking the role of a Heisenberg time close to
criticality. To clearcut show this asymptotic periodicity,
here deduced from MB separatrix quantization, requires
large-N regimes that, to the best of our knowledge, are
not accessible with present numerical methods for chaotic
MB systems.
To assess the latter and to explore the generality of
our findings we further relax the truncation (3) to five
modes (|k| ≤ 2), implying unstable non-integrable dy-
namics. Within the bounds of numerical tractability
(N = O(104)) we verify that this quantum critical MB
system, despite being non-integrable, exhibits the same
tendency towards periodic revivals, see Fig. 5(b). Via
adiabatic separation we can again attribute this behavior
to locally hyperbolic MF dynamics of a single dominant
degree of freedom [65]. Moreover, we find the same inter-
relation between the MF instability λs, the period τ , and
the local level spacing as in the integrable three-mode
model.
In conclusion, by means of many-body semiclassical
quantization we could explain the exponentially fast
scrambling and buildup of correlations in quantum sys-
tems that are critical, but not globally chaotic. We un-
covered a generic mechanism for fast dynamics near a
quantum critical point. Moreover, for large N we demon-
strated the emergence of nearly equidistant spectra giv-
ing rise to recurrences in OTOCs on logN -time scales, re-
sembling features of time crystals [73]. Their observation
should be in experimental reach since, e.g., recurrences
based on stable dynamics have already been observed
in a system with thousands of atoms [85]. Our analy-
sis of the non-integrable 5-mode model shows that such
memory effects do not require integrability and indicates
their existence in larger classes of critical systems with a
dynamical decoupling of a dominant unstable mode from
other collective degrees of freedom. Moreover, our results
shed light on generic mechanisms governing the dynam-
ics at (excited-state) quantum phase transitions beyond
mean-field.
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